This study examines the geometric returns of and investment strategies governing portfolios of stocks and bonds with and without allocations to emerging equity markets. We apply the discrete-time dynamic investment model that allows all moments of the return distribution to affect the analysis. This is important given that earlier studies have found that emerging market returns tend to be non-normally distributed. Our principal findings are that risk-tolerant investors may achieve substantially higher capital growth by actively diversifying into emerging equity markets, this being achieved only at the expense of higher risk. Overall, the results suggest that the gains accrued from diversifying into emerging equity markets are modest, and that they only originated from high emerging equity market returns over a relatively short period at the beginning of the sample period.
1 Introduction Bekaert, Erb, Harvey, and Viskanta (1998b) argue that standard mean-variance analysis is somewhat problematic with respect to emerging markets. This is because emerging market returns cannot be completely characterized by expected returns, variances, and covariances, as they exhibit significant skewness and kurtosis. Since it is reasonable to assume that investors have preferences pertaining to skewness and kurtosis (see Scott and Horvath, 1980 and Harvey and Siddique, 2000) , we should emphasize the return distribution's higher moments.
This paper expands the literature on emerging markets by evaluating gains from diversifying into emerging equity markets using the discrete-time dynamic investment model of Grauer and Hakansson (1985 , 1986 , 1987 , 1995 . This methodology provides an interesting alternative to standard mean-variance analysis since it focuses on capital growth. Because the capital growth rate is affected by the higher moments of the return distribution, optimizing capital growth given a certain risk-tolerance implicitly takes all moments of the return distribution into account. This methodology should therefore be of practical importance to portfolio managers and investors since it can guide them in avoiding potentially sub-optimal solutions that would result from the use of a standard mean-variance framework. We apply the model in a dynamic setting where capital is re-allocated on a monthly basis. For each periodic re-allocation, the entire joint return distribution is estimated and used to approximate all possible future states for the subsequent month. Grauer and Hakansson (1986) employed the model to construct and rebalance portfolios of US stocks, corporate bonds, government bonds, and a risk-free asset. The results revealed that the gains from active diversification among the major US asset categories were substantial, especially in the case of highly risk-averse strategies. In a later study, Grauer and Hakansson (1987) found that additional diversification could be obtained from including non-US asset categories in the portfolios. Further, Grauer and Hakansson (1995) compared the investment policies and returns for portfolios of stocks and bonds, with and without real estate. Their principal findings were 1 that the gains obtained by adding real estate to portfolios of US financial assets using an active strategy were rather large, especially in the case of highly risk-averse strategies, but that the gains from adding US real estate to portfolios of global assets were mixed. In a recent paper, Hagelin and Pramborg (2004) used the model to investigate the gains from including hedge funds into the investment opportunity set. They found that the inclusion of hedge funds produced portfolios with significantly higher growth rates and lower risk. This paper examines the geometric returns and investment strategies governing portfolios of stocks and bonds, with and without allocations to emerging equity markets. Our principal findings are as follows. First, adding emerging equity markets to the portfolios increase the geometric returns of all active strategies, especially those that accept more risk. Second, the increases in returns produced by active diversification into emerging equity markets are rarely significant. This is likely because the increase in returns mainly occur in the first part of the sample period.
Third, investors who accept more risk invest substantially in emerging market equities early in the sample period, while risk-averse investors are much less inclined to do so. Overall, we find the gains obtained by active diversification into emerging equity markets to be modest, at least during the latter part of the investigated period.
The remainder of this paper is organized as follows. Section 2 outlines the discrete-time dynamic investment model and the method employed to make it operational while section 3 identifies the data used. The following section reports the results while the last section gives a summary of the paper. The dynamic investment model used in this paper, based on the multiperiod portfolio theory of Mossin (1968) , Hakansson (1971 Hakansson ( ,1974 , Leland (1972) , Ross (1974) , and Huberman and Ross (1983) , as applied by e.g. Grauer and Hakansson (1985 , 1986 , 1987 , 1995 assumes investors with power utilities. That is, the utility function, u (·), may be written
where r is the one-period return, and γ is a parameter for risk aversion. Higher values of γ imply more risk aversion, while γ = 0 represents the risk neutral investor. A special case is when γ → 1, in which case the utility is logarithmic,
The logarithmic utility implies, and is implied by, a strategy to maximize capital growth, and this utility is therefore often referred to as the growth-optimal stategy (for a comprehensive account of capital growth theory, see Hakansson and Ziemba, 1995) . The utility functions above differ from the standard mean-variance framework in that all moments of the return distribution affects the utility of the investor. To illustrate this point, consider the Taylor power series around current wealth for the growth-optimal investor in equation (2): 1
From equation (3) it is evident that a growth-optimal investor's preferences (and therefore the growth rate of capital) is positively related to all odd moments of the return distribution (most importantly return and skewness) and negatively related to all even moments (most importantly variance and kurtosis). These preferences, i.e. positive coefficients for odd moments and negative coefficients for even moments, are shared by all power-investors but with coefficients in the Taylor power series that reflect differing risk attitudes. A more risk-averse investor gives more weight to higher moments. Clearly, a mean-variance investor may neglect important characteristics of the return distribution and therefore end up with less capital than a power utility investor using the same risk-return trade-off for the first two moments. The significance of higher moments is supported by a growing number of studies, see e.g. Scott and Horvath (1980) , Harvey and Siddique (2000a) , Harvey and Siddique (2000b) , and Harvey, Liechty, Liechty, and Müller (2003) . Harvey and Siddique (2000b) show that systematic skewness in asset returns is economically significant, and commands a risk premium. Harvey, et al. (2003) show empirically that portfolios of assets may display large positive or negative skewness. Importantly, they illustrate that, unlike the variance of a portfolio, there is no guarantee that the portfolio skewness will be smaller than the linear combination of the stocks' skewness. It may be larger or smaller, and they observe a variety of behavior when forming portfolios from different types of assets.
The objective functions (1) and (2) are myopic. The use of myopic decision rules assumes that returns are independent from period to period (but not that they are stationary) and convergence implies that, when the horizon is distant, use of the stationary, myopic decision rule
in each period is optimal for a broad class of investors (see Hakansson, 1974) . Recent studies by e.g. Brennan, Schwartz, and Lagnado (1997) , Brandt (1999) , Campbell and Viceira (2001) , and Brennan and Xia (2002) use non-myopic decision rules and allow for the investor to hedge against changes in future investment opportunities (see Merton, 1971) . The use of a non-myopic objective function typically calls for a relatively more complex model since the whole joint distribution up until the investor's (distant) horizon should be taken into account.
Practical implementation
Using the power or logarithmic utility in a multiperiod framework involves solving a constrained non-linear optimization problem. For this purpose, the investor is required to choose a risk aversion parameter γ in equation (1). Here, γ is set to 0, 0.5, 1, 2, 5, 10, 20, 30, 40, and 60, respectively, indicating investors' risk attitudes ranging from risk neutral (0) to very risk averse (60), and where γ = 1 corresponds to the logarithmic utility in equation (2).
At the beginning of each period t, the investor chooses a portfolio, φ t , on the basis of some member γ of the family of utility functions (1) subject to the relevant constraints faced by the investor. This is equivalent to solving the following problem for each period t:
where r ts (φ t ) = the (ex ante) return on the portfolio in period t if state s occurs,
= the risk-aversion parameter, remains fixed over time, φ it = the proportion of wealth invested in risky asset i in period t,
φ Lt = the proportion lent in period t,
φ Bt = the proportion borrowed in period t,
r it = the anticipated total return for asset i in period t,
r Lt , r Bt = the interest rate on lending and borrowing at the beginning of period t, m it = the initial margin requirement for asset i in period t expressed as a fraction, and π ts = the probability of state s at the end of period t.
Constraint (6) rules out short sales and (7) is the budget constraint. 2 Constraint (8) serves to limit borrowing (when desired). In this study this constraint is applied by making the margin requirements, m it , equal to 0.5. This corresponds to the current limit on US equity markets,
where borrowing an amount up to the value of stocks is allowed. Thus, leveraged portfolios are allowed, financed up to 50 percent with borrowed funds. 3 The inputs to the model are based on the estimation method described below, and at the beginning of each period, t, system (5)-(8) is solved by a sequential quadratic programming method, using returns from an estimation period preceding period t. At the end of the first estimation month, t, the realized returns on the risky assets are observed, along with the realized borrowing rate. Using the weights selected at the beginning of the month, the realized return on the portfolio chosen for month t is recorded. The cycle is then repeated for all subsequent months. 6
Estimation
To implement the model we need a way to estimate the distribution of future asset returns (i.e., the r it and π ts ). One estimation procedure used by e.g. Grauer and Hakansson (1985 , 1986 , 1987 , 1995 , is called the empirical probability assessment approach (EPAA). With this approach, estimation is based on looking back at past realised returns. An estimation window is formed that looks back T periods. With an estimation window of 36 months (T = 36), contemporaneous realised asset returns for each past month, r t−j (j = 1, . . . , 36), are used and the set of realised returns for each past month is given the weight 1/T . (π ts = 1/T for each possible future state).
We are assuming 36 possible future states at the end of the subsequent month, each equally likely, and each corresponding exactly to one of the actual past observed set of monthly asset returns.
The estimate of returns for period t is then
Thus, using EPAA, estimates are obtained on a moving basis and used in their raw form without adjustments. On the other hand, since the objective function (utility function) requires that the entire joint distribution be specified and used, there is no information loss; all moments and correlations are implicitly taken into account.
The EPAA approach implicitly estimates the means one at a time, and returns on one asset are estimated independently from returns on other assets. Following the example of Grauer and Hakansson (2001), we also used the Bayes-Stein method, proposed by Jorion (1986) , and the James-Stein method (see Efron and Morris, 1973 , 1975 , 1977 to help improve estimates by pooling information across series (see Grauer and Hakansson, 2001) . However, our results are similar using the alternate estimation methods, so we have reported only the findings resulting from the relatively simpler EPAA estimation method.
The EPAA estimation approach differs from the methodology in a number of studies, e.g. Harvey et al. (2003) who explicitly model the first three moments of the return distribution.
As compared to this alternative approach, the EPAA is beneficial since it is easy to implement 7 and implicitly takes all moments and correlations into account. It is also optimal if the investor has no information about the form and parameters of the true distribution but believes that this distribution went into effect T periods ago. However, the model is not better than "what the data tells us" at each estimation point. It should be noted that if the estimation window does not capture all relevant characteristics of the asset returns we stand a non-trivial risk of including a mis-specified distribution in the optimization procedure.
Data
There are three main index vendors for emerging market returns: Grauer and Hakansson (1986 , 1987 , 1995 .
[Insert Table 1 ] Table 1 presents the data series used and the investment strategies followed. In order to evaluate the active strategies discussed above, we include two types of benchmark strategies.
First, we assume an investor who invests equal amounts in the risky assets at the beginning of the evaluation period (January 1991), and holds this portfolio until the end of the evaluation period (October 2002) . We denote this the buy-and-hold (BH) strategy. Second, we include semi-active strategies where the investor re-allocates capital each month to equally weighted portfolios of risky assets combined with a proportion invested in the risk-free asset, or, if the investor uses leverage, borrows a fixed proportion each month. In practise, the semi-active strategies are contrarian because, in order to re-balance into equal weights, they buy last period losers and sell winners. also that USA and EUR outperformed the emerging markets in the latter part of the period.
[Insert Figure 1 ] 
Results
In this section, we examine the gains accrued from diversifying into emerging markets under two different settings. In the first, no allocations other than those represented by the WORLD index and the EM index are permitted. The second allows for diversification into three developed-market indices (USA, EUR, and JAP) and two emerging market indices (EMA and EMxA). [Insert Figure 2 ]
Portfolio returns
Among the asset categories, the US Government Bond Return Index had the highest geometric return (8.6 percent) and compares favorably with developed equity market returns (6.7 percent) as represented by the WORLD index. The EM index had a somewhat lower geometric mean return (5.9 percent) and much higher volatility than the WORLD index. This suggests that the possibility to investing in emerging equity markets is not a tempting one if returns of developed markets and emerging markets are highly correlated.
It is evident from Figure 2 that the presence of emerging markets as an investment opportunity tends to increase the annual geometric returns of the active strategies. The average increase 10 in geometric returns is 3.25 percent. Increases in geometric returns are most pronounced for strategies that accept more risk. However, the increase in geometric returns is accompanied by a higher standard deviation. (For consistency with the geometric mean, the standard deviation is based on the log of 1 plus the rate of return.)
There are a number of commonly accepted ways of testing for abnormal investment performance. We follow Grauer and Hakansson (1995) by using a paired t-test of the difference in investment returns. To conserve space, we direct the reader to Grauer and Hakansson (1995) for a detailed description of the test. Table 3 , Panel A displays the results for all strategies. It is evident from the one-sided t-tests that inclusion of the EM index in the investment opportunity set has no significant impact on the geometric returns of the active strategies.
The buy-and-hold strategy performs worse, with both lower growth rate and larger standard deviation, with emerging markets included in the investment opportunity set. The results for the equally weighted portfolios corroborate the findings for the active strategies to the extent that inclusion of the EM index increases the standard deviation. However, as for the buy-andhold strategy, the equally weighted portfolios' increase in standard deviation is not accompanied by increased returns. In fact, although insignificantly, the geometric return decreases with the inclusion of emerging equity markets, as represented by the EM index, in the portfolios.
[Insert Table 3 ] Figure 3 presents a similar analysis to that presented in Figure 2 but allows for diversification into three developed market indices and two emerging market indices. Among the indices, USA had the highest geometric return (11.1 percent) followed by the EMxA (9.6 percent). The standard deviation of the EMxA was almost twice that of the USA index. Note that the geometric return of JAP and EMA are negative for the investigated period.
In accordance with the results for the buy-an-hold portfolios and the equally weighted portfolios presented in Figure 2 , Figure 3 shows that the inclusion of emerging equity markets by passive and semi-active investors causes portfolio standard deviation to increase and the average geometric return to decrease. Again, the decrease in return is small and insignificant.
The results of the active strategies presented in Figure 3 indicate that inclusion of emerging equity markets as an additional investment opportunity increases the geometric return of strategies that accept more risk. The largest increase in geometric return is 14.60 percent and is recorded for the risk-neutral investor (γ = 0). For the growth-optimal investor (γ = 1) the difference is 8.50
percent. These differences in yearly growth rates translate into large differences in accumulated capital over the period. For example, without including emerging equity markets in the investment opportunity set, a growth-optimal investor who invested one dollar at the beginning of the period ended up with 4.42 dollars at the end of the period. This represents a total return of 342 percent, which compares favorably with the US equity market's total return of 248 percent. However, by including emerging equity markets the growth-optimal investor's dollar would have increased to 10.4 dollars. This represents a total return of 904 percent, outperforming the return achieved without including emerging equity markets by a factor of more than 2.5.
[Insert Figure 3 ]
The average increase in geometric returns for the active strategies is 4.72 percent. However, using the pairwise t-test only 1 of 10 strategies are found to produce significantly higher geometric returns at the 10-percent level (see Table 3 , Panel B). This is likely because (1) inclusion of emerging equity markets causes the standard deviation of the portfolios to increase, and (2) increased returns are only achieved during parts of the evaluation period. To explore this, Figure   4 plots the capital growth for the growth-optimal investor. It is evident from the figure that no apparent differences in growth rates exist after the first three years of the evaluation period between the portfolio that allows for allocation into emerging markets and the one that does not.
However, the volatility of the portfolio that includes emerging equity markets is higher.
This result, in accordance with earlier research (see, e.g., Harvey, 2002, 2003) , suggests that diversification gains accrued from investing in emerging markets may be disappearing. In this line of reasoning, Goetzmann and Jorion (1999) points to the danger of the common practise to use recent data only, because these data may not be representative of future performance. They find, through simulations and empirical observations, that the observed high returns of emerging markets are observed in a short period after the "event" when a market emerges. This is mainly due to the event and not an indication of a long-term return process with a high mean return. As Bekaert and Harvey (2002) notes, a number of liberalizations cluster around 1990, which coincides with the impressive returns of the portfolio that allows for allocation into emerging markets, as displayed in Figure 4 . Alternatively, as the investigated period is short, we should also consider the alternative that the result may merely indicate that emerging markets performed poorly in the latter part of the investigated period, as indicated in Figure 1 . Table 4 displays summary statistics concerning the distribution of the returns for the buyand-hold (BH) strategy, one of the equally weighted strategies (EW100), and the growth-optimal strategy (γ = 1) with and without emerging equity markets included in the investment opportunity set. When emerging equity markets are included the standard deviation increases substantially for all portfolios. However, for the growth-optimal strategy this increase in standard deviation comes with a significant increase in arithmetic return. If we turn our attention to the higher moments, two interesting findings stand out. First, for the buy-and-hold strategy as well as the equally weighted strategy the skewness decreases and the kurtosis increases after the inclusion of emerging equity markets. This is likely to hamper capital growth. Second, for growth-optimal strategies the opposite is true, i.e. inclusion of emerging equity markets cause the skewness to increase and the kurtosis to decrease.
[Insert Table 4 ] 
Portfolio allocations
To shed light on the usefulness of emerging equity markets as a means of active diversification, we examine the portfolio allocations. To conserve space we only present the results for the setting that allows for diversification into three developed-market and two emerging market indices. Figure 5 shows, for each active strategy investigated, the average portfolio allocation when no allocation to emerging equity markets is allowed, while Figure 6 shows the average allocation when emerging equity markets are included in the investment opportunity set.
[Insert Figure 5 ]
[Insert Figure 6 ]
Examining the strategies reveals some interesting patterns. First, the risk-neutral investor (γ = 0) borrows almost as much as the marginal requirements allow, while the most conservative investor (γ = 60) on average allocates over 60 percent of the wealth to the risk-free asset. Second, when emerging markets are allowed to enter the portfolios, risk-tolerant investors allocate substantial amounts to emerging equity markets. In fact, the risk-neutral investor allocates on average 100 percent (or about 50 percent of investable funds) of his wealth to emerging equity markets and makes almost no allocation to corporate bonds or the equity markets of Europe and Japan.
Further, the possibility of investing in emerging equity markets does not cause investors to invest more in risky assets, which the existence of any diversification benefits would have suggested. For investors with higher risk aversion (higher γ-values), emerging equity markets receive less portfolio allocations, which is natural considering the relatively high volatility of these markets. Figure 7 plots the proportion of wealth that is allocated to emerging equity markets over the evaluation period for the growth-optimal investor (γ = 1). The plot reveals that the amount of wealth allocated to emerging equity markets changes drastically over time. This is common for strategies with a rolling window for estimates (see e.g. Cavaglia, Dahlquist, Harvey, Nieuwland, Rathjens, and Wilcox, 1997, and Hagelin and Pramborg, 2004) . after the Asian crisis is included, but is excluded again when the crisis itself is included. When the estimation period stretches further back emerging markets receive no allocations at all until the impressive returns of the EMxA index during the first part of the period begin to influence the estimates. Then, the longer the estimation period the more funds are allocated to the EMxA index. If the complete sample period is used the growth-optimal investor allocates more than 75 percent of the wealth (or 37.5 percent of investable funds) to emerging markets. 5 Thus, if the total estimation period is a guide for future investments, then emerging markets should be included in the portfolio, but if we expect the characteristics of emerging markets to be like a more recent period, we should be less inclined to invest in these markets. 6
[Insert Figure 8 ]
Summary
This study examines the gains obtained by adding emerging equities to portfolios of stocks and bonds using the discrete-time dynamic investment model of Grauer and Hakansson (1985) . In the analysis, this model considers all moments of the return distribution. The possibility of allowing higher moments to affect portfolio-optimization decisions should be important given the fact that earlier studies have found that emerging equity market returns tend to be non-normally distributed (see Viskanta, 1998b, and Harvey, 2002) .
This paper examines the geometric returns of and investment strategies governing portfolios of stocks and bonds, with and without allocations to emerging equity markets. Adding emerging equity markets to the investment opportunity set increases the geometric returns of all active strategies, in particular of strategies that accept more risk. However, increases in returns accruing from active diversification into emerging equities are rarely significant. This may be because inclusion of emerging equity markets increases the standard deviation of the resulting portfolios.
A potentially even more important explanation is that the increases in returns were only recorded for the first part of the investigated period.
The relatively poor performance of emerging equity markets in the latter part of the investigated period also affects portfolio allocation for investors who use active strategies. For the first part of the investigated period, risk-tolerant investors allocate substantially to emerging equity markets. During the latter part of the investigated period, however, allocations are modest. In sum, our results suggest that the gains accrued from active diversification into emerging equity markets are relatively small, at least for the latter part of the investigated period. Some caution regarding the conclusions is warranted because the results of this study, like those of other studies of emerging equity markets, are based on a relatively small sample of financial markets and instruments. We note, however, that the investigated time period includes informative periods such as the occurrence of the Asian financial crisis, the Russian debt default, and the recent boom and bust of stock markets across the world.
Given the evidence of asset return predictability (see e.g. Ferson and Harvey, 1993 , Harvey, 1995 , and Cavaglia, et al., 1997 , one interesting extension to this study would be to incorporate conditional information, such as dividend yield, corporate yield spread, and the term structure into the estimation of the return distribution. Since predictability have been shown to be higher for emerging markets than for developed markets the inclusion of conditional information should make these markets more attractive. 7 An estimation procedure that incorporates asset predictability is likely to increase allocation efficiency and thereby the relative performance of portfolios that include emerging equity markets.
Notes 1 The utility functions in equation (1) and (2) are characterized by constant relative risk aversion (CRRA).
Therefore, the current wealth may be set to 1 without loss of generality. In fact, this is an important reason why these functions are suitable for multiperiod investment; CRRA enables us to use returns, as opposed to having to adjust for wealth levels in each period.
Nijman, and Werker (2001) and Li, Sarkar, and Wang (2003) .
3 It could be questioned whether 0.5 is a realistic margin level for emerging-market equities. Therefore, we also applied margin requirements that did not allow leveraged positions in emerging-market equities, and produced qualitatively similar results. 4 The Dow Jones Corporate Bond Return Index includes bonds with sub-AAA ratings and has an average maturity of 20 years. 5 Note that the inclusion of the emerging markets indices into the portfolio does not depend on the absolute performance per se, but rather the relative performance as compared to the remaning assets in the investment opportunity set, as well as how the indices affects higher moments of the portfolio. 6 The findings from Goetzmann and Jorion (1999) , Bekaert and Harvey (2002) , and others suggest that high returns are primarily found in the period following a market's emergence. An allocation strategy using indices could take this into account by increasing exposure to an emerging market index when new markets emerges and are included in the index. 7 It is straightforward to include an adjusted expected value in the estimation procedure when solving the system 
